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Question 2 


Intent of Question 





The primary goal of this question was to assess students’ ability to evaluate conditional probabilities as 
they relate to diagnostic testing. 


Solution 
Part (a): 


The estimated probability of a positive ELISA if the blood sample does not have HIV present is 


37 37 
500 OR 500 = 0.074 
Part (b): 


A total of 489 + 37 = 526 blood samples resulted in a positive ELISA. Of these, 489 samples actually 
contained HIV. Therefore the proportion of samples that resulted in a positive ELISA that actually 
contained HIV is 


489 489 
526 OR Bag ~ 0.9297 


Part (c): 


From part (a), the probability that the ELISA will be positive, given that the blood sample does not 
actually have HIV present, is 0.074. Thus, the probability of a negative ELISA, given that the blood 
sample does not actually have HIV present, is 1 — 0.074 = 0.926. 


P(new blood sample that does not contain HIV will be subjected to the more expensive test) 


= P(ist ELISA positive and 2nd ELISA positive OR 1st ELISA positive and 2nd ELISA 
negative and 3rd ELISA positive | HIV not present in blood) 

= P(ist ELISA positive and 2nd ELISA positive | HIV not present in blood) 
+ P(ist ELISA positive and 2nd ELISA negative and 3rd ELISA positive | HIV not present in 
blood) 

= (0.074)(0.074) + (0.074)(0.926)(0.074) 

= 0.005476 + 0.005070776 

= 0.010546776 

= 0.0105 


OR 
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Question 2 (continued) 
P(new blood sample that does not contain HIV will be subjected to the more expensive test) 


= P(1ist ELISA positive and not both the 2nd and 3rd are negative) 
= (0.074)(1 — 0.9267) 

= (0.074)(0.142524) 

= 0.010546776 

= 0.0105 


Scoring 
Parts (a), (b), and (c) are each scored as essentially correct (E), partially correct (P), or incorrect (I). 
Part (a) is scored as follows: 
Essentially correct (E) if the student writes the correct fraction for the estimated probability. 
Partially correct (P) if the decimal answer of 0.074 is given with no justification. 
Incorrect (I) otherwise. 
Part (b) is scored as follows: 


Essentially correct (E) if the student writes the correct fraction for the proportion or gives a decimal 
approximation with justification. 


Partially correct (P) if the student writes the wrong fraction but either correctly selects 489 as the 
numerator or correctly computes 489 + 37 = 526 as the denominator. 


Incorrect (I) otherwise. 
Part (c) is scored as follows: 
Essentially correct (E) if the student computes the correct probability, showing work. 


Partially correct (P) if method is equivalent to P(Ist ELISA is positive) - Plat least one of two subsequent 
ELISAs is positive) = (0.074)(0.1425) , except that one of the factors is incorrect. 

OR 
The student correctly computes Plat least one of two subsequent ELISAs is positive) = 0.1425, failing to 
include the first factor (0.074). 

OR 
The student correctly computes the probability of getting at least two positive ELISAs by testing 
negative blood three times: 


ra 





nq 


[ J(o.o7avos26) 4 ; }o-ora = 3(0.074)*(0.926) + (0.074)? = 0.015617552 


Incorrect (I) otherwise. 
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Question 2 (continued) 

Complete Response 

All three parts essentially correct 
Substantial Response 

Two parts essentially correct and one part partially correct 
Developing Response 

Two parts essentially correct and no parts partially correct 
OR 

One part essentially correct and one or two parts partially correct 
OR 

Three parts partially correct 
Minimal Response 

One part essentially correct and no parts partially correct 


OR 
No parts essentially correct and two parts partially correct 
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2. The ELISA tests whether a patient has contracted HIV. The ELISA is said to be positive if it indicates that HIV 
is present in a blood sample, and the ELISA is said to be negative if it does not indicate that HIV is present in a 
blood sample. Instead of directly measuring the presence of HIV, the ELISA measures levels of antibodies in the 
blood that should be elevated if HIV is present. Because of variability in antibody levels among human patients, 
the ELISA does not always indicate the correct result. 


As part of a training program, staff at a testing lab applied the ELISA to 500 blood samples known to contain 
HIV. The ELISA was positive for 489 of those blood samples and negative for the other 11 samples. As part of 
the same training program, the staff also applied the ELISA to 500 other blood samples known to not contain 
HIV. The ELISA was positive for 37 of those blood samples and negative for the other 463 samples. 


(a) When a new blood sample arrives at the lab, it will be tested to determine whether HIV is present. Using the 
data from the training program, estimate the probability that the ELISA would be positive when it is applied 
to a blood sample that does not contain HIV. 


P (posi-tue | does not Pere re Ne yx or = Bord 
” Cs Lili bla thd a nes blood senylé teloely fests poshe fey 


0,074. 
uses ELSA is agprosielel) 


(b) Among the blood samples examined in the training program that provided positive ELISA results for HIV, 
what proportion actually contained HIV? 


Tee vere pdstel | of 161¢572 52¢ posite es 


“an bea HV. Thus, fe poobedabarsict prope ho", bod serge 2g 


froly bed! HE HW is 481 576 ~ OxGBa 0.950 


GO ON TO THE NEXT PAGE. 
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If you need more room for your work in part (b), use the space below. 


(c) When a blood sample yields a positive ELISA result, two more ELISAs are performed on the same blood 
sample. If at least one of the two additional ELISAs is positive, the blood sample is subjected to a more 
expensive and more accurate test to make a definitive determination of whether HIV is present in the 
sample. Repeated ELISAs on the same sample are generally assumed to be independent. Under the 
assumption of independence, what is the probability that a new blood sample that comes into the lab 
will be subjected to the more expensive test if that sample does not contain HIV? 


oe: | ale, ke fetecl fects pasrhre the tet doe 
UO oM ae cd bn pt). _ 
‘A pnb ns “ fle Lod sonp Z LM eb! A hrf re more 
t 


foe 6 uf wn fx ELISA bests is [ee L paint of gets O poster a 
fle O fate #e ty. Assoc bale ponclace 


re.ST Qne ostfre } 
/- Plo jsihier)=f pe (/ 506 = [-( ( 0.926)" = 0.14 25242 Plot be st ? 
“J el of bavi ge rk af dats rl covefein 
Tle Tesh nie Pak NN be AT onward) 0.0\\ 
Lit he Heckd “a 


GO ON TO THE NEXT PAGE. 
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2. The ELISA tests whether a patient has contracted HIV. The ELISA is said to be positive if it indicates that HIV 
is present in a blood sample, and the ELISA is said to be negative if it does not indicate that HIV is present in a 
blood sample. Instead of directly measuring the presence of HIV, the ELISA measures levels of antibodies in the 


blood that should be elevated if HIV is present. Because of variability in antibody levels among human patients, 
the ELISA does not always indicate the correct result. 


As part of a training program, staff at a testing lab applied the ELISA to 500 blood samples known to contain 
HIV. The ELISA was positive for 489 of those blood samples and negative for the other 11 samples. As part of 
the same training program, the staff also applied the ELISA to 500 other blood samples known to not contain 
HIV. The ELISA was positive for 37 of those blood samples and negative for the other 463 samples. 


(a) When a new blood sample arrives at the lab, it will be tested to determine whether HIV is present. Using the 
data from the training program, estimate the probability that the ELISA would be positive when it is applied 
to a blood sample that does not contain HIV. 


mote : P. postive on, neg axive y: HLV ac ROHN. 
unoler the condition pe by the question , WL Can controle ; 
37° P (Ply) =0.996 (given tat one contains HW, test shovss positive) 
Foo ‘4 (m] a 20,00 ( Piven thet ona contains ALY , art Shor repativereatt) 
“ a 
2 0074 P (Pimp =o07% ( Piverthet one oloas rit contein FV, fost ares 


? (n{m) 20.426 ( ' eatieeed one cloes pot contala (-+ly, Hest shows rapa 
ye } 
Pipl) oro] is bohat tHe Juaption asks for , ard the Probability 0-07 ¥- 
(b) Among the blood samples examined in the training program that provided positive ELISA results for HIV, 
what proportion actually contained HIV? 





pererve ies 
Ve : 
i eye 
foie {rv : {7 ' (000 


ca the S26 peep! bhsscl samples cokich chnieal positive 


ELIA yest 5 ) a) actually ere | FLY, so the proportion 


45] _ . 
(s oe re $ho Same as 72.77% 


GO ON TO THE NEXT PAGE. 
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2 B2. 


If you need more room for your work in part (b), use the space below. 


(c) When a blood sample yields a positive ELISA result, two more ELISAs are performed on the same blood 
sample. If at least one of the two additional ELISAs is positive, the blood sample is subjected to a more 
expensive and more accurate test to make a definitive determination of whether HIV is present in the 
sample. Repeated ELISAs on the same sample are generally assumed to be independent. Under the 
assumption of independence, what is the probability that a new blood sample that comes into the lab 
will be subjected to the more expensive test if that sample does not contain HIV? 


Because the ELLSA ests are inolepance rt prol only fate fre 
Ppwible reetts . positive , reporter > pecan frts the three 
fest into ao binomtadl olistribuition , ’ jest aoa there ark ;s 


p (plm) =o. o] thet fhe tert 3 posebise fer blood sample a 
ALY 


(7 OPE) (ogres (2) ope) Cop 
= 0. (B7ESF LUTE KIO” = 0. /42$24 
SP? there (3 (4.257 possi bitsy tke Livcel savgls esttk ro FILY 
wold b2 Seat to a prre Orponsine owperiment 


GO ON TO THE NEXT PAGE. 
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AGI 
2. The ELISA tests whether a patient has contracted HIV. The ELISA is said to be positive if it indicates that HIV 
is present in a blood sample, and the ELISA is said to be negative if it does not indicate that HIV is present in a 
blood sample. Instead of directly measuring the presence of HIV, the ELISA measures levels of antibodies in the 
blood that should be elevated if HIV is present. Because of variability in antibody levels among human patients, 
the ELISA does not always indicate the correct result. 


As part of a training program, staff at a testing lab applied the ELISA to 500 blood samples known to contain 
HIV. The ELISA was positive for 489 of those blood samples and negative for the other 11 samples. As part of 
the same training program, the staff also applied the ELISA to 500 other blood samples known to not contain 
HIV. The ELISA was positive for 37 of those blood samples and negative for the other 463 samples. 


(a) When a new blood sample arrives at the lab, it will be tested to determine whether HIV is present. Using the 
data from the training program, estimate the probability that the ELISA would be positive when it is applied 





to a blood sample that does not contain HIV. a of contr 
) Shor the Shtuomon on ae tren:Pr(Wopny)-theProbabilt the! He en! cos" Shy 
uz 2) let PriP)-He proepi lity Hat ie tect 16 Posewt 
4500 by [M) ~the rroGtSile that the test iS Megan 
BOC © Be (HEV) =e Proeasility Prat te test comin! HZ 
cone 7 tleveere. we pas dorind the Pro Gabi "VG 
a 5 : 
a = A VO HT) 
Se 4+ 38 Pr (P | Wo HEV) ~ Pr caine = 
el Pr (NO HEY, 
ink iT 
503 eS 3 _500O - o/4e =, Lh 


(b) Among the blood samples examined in the training program that provided positive ELISA results for HIV, 


what proportion actually contained HIV? J. Age 
PHI OE) 2. 22 S00 ese OOD IE IS 


Pr (HIV ] BJ= ane rs) aa Cre: 


l 
2 'S500 2% F800. 


GO ON TO THE NEXT PAGE. 
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If you need more room for your work in part (b), use the space below. 


(c) When a blood sample yields a positive ELISA result, two more ELISAs are performed on the same blood 
sample. If at least one of the two additional ELISAs is positive, the blood sample is subjected to a more 
expensive and more accurate test to make a definitive determination of whether HIV is present in the 
sample. Repeated ELISAs on the same sample are generally assumed to be independent. Under the 
assumption of independence, what is the probability that a new blood sample that comes into the lab 
will be subjected to the more expensive test if that sample does not contain HIV? 


Prip)> sb fob + 4 2 -osee. 


A new Carpe bill be Subjeded 40 te MWLe Cwpenirvoe eit Tf 
Te fest drat Wet vot connie YTV will be Pesrtee at 
lealt ih ohe addiprvel test, dat 1° 
Pr [P | VOHTV) < O12. 
will bo suajened wht te Probabr /Iy | 
Pr ( Subjected) = OJ 4? 0,1? 0,14 P+ 01P O1NP0, PT 2=0,022 = 22% 


GO ON TO THE NEXT PAGE. 
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Question 2 


Sample: 2A 
Score: 4 


Each part of this question is clearly, concisely, and correctly answered. The student recognizes that the 
proportions in parts (a) and (b) can be found easily from the information given in the stem of the problem, 
without the use of complicated formulas. The method used in part (c) is clearly described. Using the result 
from part (a), the student correctly computes the probability of at least one additional positive test after the 
first one by finding the complement of the probability that both tests are negative. The two probabilities, 
0.074 and 0.1425, are then correctly multiplied to find the probability that the first test is positive and at 
least one of two subsequent tests is positive. Parts (a), (b), and (c) were all scored as essentially correct. 
Consequently, this complete response received a score of 4. 


Sample: 2B 
Score: 3 


Parts (a) and (b) of this response were scored as essentially correct. A table such as the one in part (b) 
makes it easy to understand which counts are involved in computing the proportions requested in parts (a) 
and (b). In part (c) a correct computation is given for the probability of getting at least one positive test out 
of the two additional tests of a blood sample that does not contain HIV. However, this probability, 0.1425, 
should be multiplied by the probability that the first test is positive, 0.074, to find the probability that the 
first test is positive and at least one of two subsequent tests is positive. Thus part (c) was scored as 
partially correct. Because part (a) was essentially correct, part (b) was essentially correct, and part (c) was 
partially correct, this substantial response received a score of 3. 


Sample: 2C 
Score: 2 


In part (a) of this response the tree diagram organizes the counts involved but is used incorrectly to 
compute the probability that the ELISA test would be positive when it is applied to a blood sample that 
does not contain HIV. Thus part (a) was scored as incorrect. The formula in part (b) correctly uses the 
information from the tree diagram and was scored as essentially correct. In part (c) the computations are 
done using the answer from part (a)—as they should be. The fact that this part (a) answer is incorrect was 
ignored in the scoring of part (c), as the student had already been penalized for it. The probabilities of two 
of the three paths to a more expensive test are correctly computed and added, but the third path is 
omitted: the probability that the first test is positive, the second is negative, and the third is positive. Thus 
part (c) was scored as partially correct. Because part (a) was incorrect, part (b) was essentially correct, and 
part (c) was partially correct, this developing response received a score of 2. 
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